problem, stated by M. Gromov:
PROBLEM 1. -Do the isometry classes of the germs of Riemannian metrics \vhich have the same Riemann curvature tensor as that of a given homogeneous Riemannian manifold depend on a finite number of parameters?
Of course, there are examples of curvature homogeneous manifolds which are not locally isometric and whose curvature tensor is that of a homogeneous space. Such examples are given in the work of Ferus, Karcher and Miinzner about isoparametric hypersurfaces [5] and for these examples there are only a finite number of isometry classes.
In Section 5 we shall study an infinite family of isometry classes of irreducible complete Riemannian metrics on R 3 which are curvature homogeneous but not locally homogeneous. For these examples, the curvature tensor R is that of R x H 2 , where H 2 is the hyperbolic plane of constant curvature -1. These examples have been introduced by K. Sekigawa [15] . Their isometry classes are in one-to-one correspondence with IR 2 /^; so they depend on two parameters. Nevertheless, the metrics of Sekigawa are not the only metrics on IR 3 which have the same curvature tensor as [R x H 2 . Indeed, 0. Kowalski and the two authors constructed in [12] some non-homogeneous metrics on R 3 which have the same curvature tensor as IRxH 2 and whose isometry classes depend on two arbitrary functions. So we get a negative answer to Problem 1, but we are unable to give an answer to:
PROBLEM 2. -Do the isometry classes of the germs of Riemannian metrics \vhich have the same Riemann curvature tensor as that of a given "irreducible" homogeneous Riemannian manifold depend on a finite number of parameters?
Beside these local problems it is also possible to consider a global one. In fact, let M be a compact manifold of dimension n and ^o(^) the set of Riemannian metrics on M which have the same curvature tensor as a homogeneous space (N,^). The diffeomorphism group Diff(M) of M acts naturally on ^o(M). So we can consider the moduli space ^o(M)/Diff(M) and state the following.
CONJECTURE OF GROMOV (see [2] ). -The moduli space ^o(M)/Diff(M) is finite dimensional.
For example, this conjecture is true if the model space (N,g) is a symmetric space of non-positive sectional curvature and, when dimM^3, its de Rham decomposition does not contain any Euclidean factor nor any factor isometric to the hyperbolic plane H 2 . (Compare with the examples of section 5.) In this case, the index of nullity of (N,^) is zero. Therefore, all the metrics of ^o(M) are locally isometric to ^"and locally symmetric. If dim M=2, they have the same constant negative Gauss curvature and the result follows from the classical theory about the moduli space on a Riemann surface. If dim M^3, the Mosto\v rigidity theorem [13] applies and ^o(M)/Diff(M) reduces to a point. [Recall that all the metrics of e^o(M) have the same curvature tensor and this removes any indetermination.]
Motivated by these problems we will study in Section 2 and Section 3 the case where the so-called model space (N, g) is a general homogeneous Riemannian manifold. Contrary to the case of symmetric spaces, isometry classes of such manifolds (N, g) are not determined by the Riemannian curvature tensor but we now need the curvature and the torsion tensor of a particular invariant connection, namely the canonical connection of a reductive homogeneous space. In what follows we call this the Ambrose-Singer connection ([I] , [8] , [20] ). As is well-known, this connection is not uniquely determined but it depends on the group G of isometrics acting transitively on the manifold and also on the reductive decomposition of the Lie algebra of G. On the other hand, all these connections determine the same (M,^). (We refer to [20] for more details.) Note that for a symmetric Riemannian space, the Riemannian connection D is an Ambrose-Singer connection.
In Section 2 we give a brief survey about the curvature and torsion of an AmbroseSinger connection. In particular we consider the notion of an infinitesimal model of a Riemannian homogeneous space. This notion is implicitly contained in [14] and may be seen as a generalization of that of a holonomy system introduced by J. Simons in [16] . (See also [3] .) Infinitesimal models have also been used by 0. Kowalski in his book on generalized symmetric spaces [9] .
In Section 3 we consider Riemannian manifolds equipped with a metric connection V whose curvature tensor Ry and torsion tensor T^ are the same as those of a given infinitesimal model m. When m is supposed to be naturally reductive we obtain that Tv is parallel with respect to V. Moreover, when m is in addition Einsteinian, Ry is also parallel and hence, for naturally reductive Einstein models m, V is an AmbroseSinger connection. Using standard results, we obtain from this that the Riemannian manifolds with such a model are locally homogeneous and locally isometric to that infinitesimal model. Note that there is no scarcity of examples of naturally reductive homogeneous spaces (see for example [4] ). All normal homogeneous Riemannian manifolds are naturally reductive ( [8] , [22] ) and all isotropy irreducible homogeneous Riemannian manifolds have the same property [23] . (For further references and examples we refer to [II] , [20] . ) We return to symmetric infinitesimal models in Section 4 to prove the already mentioned extension of the result proved in [21] .
We are grateful to M. Gromov for his interest in this work and for several useful discussions.
Ambrose-Singer connections
Let (M,g) be a Riemannian homogeneous space. As is well-known, there exists on (M,g) a metric connection V such that its curvature tensor Ry and its torsion tensor Ty are parallel with respect to V. In what follows, a connection on a Riemannian manifold which satisfies these three properties will be called an Ambrose-Singer connection. This is motivated by: (See also [20] .)
The curvature and torsion tensor of an Ambrose-Singer connection satisfy a collection of algebraic identities which we recall first: The identities follow at once from the fact that g, Ry and Ty are parallel with respect to V and from the Ricci identity Two infinitesimal models, (T, R) on (V, <,» and (T', R') on (V, <, >'), are said to be isomorphic if there exists an isometry a: (V, <,» -> (V, <, >') such that aT=T and aR=R', that is It follows from (2.3), (2.4) and (2.5) that Rxv^b-Further, let g be the direct sum of V and \) and put
It is clear that when (M, g) is a homogeneous
for all X, YeV and A, Bel). Then, the identities (2.1)-(2.7) yield that g, with this bracket, becomes a Lie algebra. Now, let G be the connected, simply connected Lie group with Lie algebra g and let H be the connected subgroup corresponding to t). When H is closed, then M = G/H is a smooth manifold and the inner product <, > extends to a G-invariant Riemannian metric g on M. The canonical connection associated with the reductive decomposition g = V © I) is an Ambrose-Singer connection with curvature tensor R and torsion tensor T at the origin.
These considerations show that the study of Riemannian homogeneous spaces G/H is equivalent to the study of a class of infinitesimal models.
p. TRICERRI AND L. VANHECKE
In what follows we denote by m(V) the set of infinitesimal models on (V, <, ». It is 3 4 the subset of (® V*) © (® V*) determined by the algebraic conditions (2.1)-(2. 7). Note that we do not make a distinction between covariant and contravariant notation. We pass from the one to the other by using the inner product <,>.
In [20] we introduced the notion of a homogeneous Riemannian structure and gave a classification of these structures. A homogeneous structure on a Riemannian manifold is a tensor field S determined by
S=D-V
where D denotes the Riemannian connection and V an Ambrose-Singer connection. Since V is metric, Ty determines S completely by
Conversely, we have
In this context, we say that an infinitesimal model (T, R) is of type / when the tensor S determined by We note that in this last case Nomizu's construction is the classical construction of E. Cartan of a symmetric space by using the curvature tensor. Moreover, in this case, the subgroup H of G, corresponding to the Lie algebra determined by (2.18), is always closed and compact (see [7] , p. 218-223). Hence, in this case there is a one-one correspondence between the symmetric spaces and the symmetric infinitesimal models.
Naturally reductive homogeneous spaces
Let OM be the bundle of orthonormal frames of (M,g). A point u=(q;u^ . . .,^) of OM determines an isometry between V= R", equipped with the standard inner product, and(T,M,^)by
Further, let V be a metric connection on M. Then its torsion and its curvature tensor 3 4 define a map 0 of OM in (00 V*) © (00 V*) given by
where
and^,^3,^eV. 3 4 The orthogonal group acts on the right on OM and also on (00 V*) © (00 V*). This last action is given by
Further, the set m(V) of infinitesimal models on V is invariant under this action of the orthogonal group and moreover, since (ua)^=u(a^), we have
Hence 0 is equivariant. Proof. -Put R/=R.v, T=T^, p^pv. Since HR'H is constant, we get
Using (hi) of Proposition 3.2 we get On the other hand, using once again Proposition 3.2 (iii) and also Vp'=0, we obtain ZWRZ.^O.
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Using the last two formulas we obtain HVR-11^2 ^ T^^R^.R,,,,
m, i, j, h, k, I
This yields the required result. From Lemma 3. 3 and Lemma 3. 7 we obtain: THEOREM 3.8.
-Let (M,g) be a Riemannian manifold equipped mth a metric connection V such that its torsion and curvature tensor are the same as those of an Ambrose-Singer connection of a naturally reductive homogeneous Einstein space (N,g). Then (M,^") is locally homogeneous and locally isometric to that model space (N,^).
What we mean here is that the curvature and the torsion of V are the same as those of the infinitesimal model of (N,^).
Proof. -If (N,^) Since an irreducible symmetric space is Einsteinian, Corollary 3.9 implies at once the result proved in [21] .
Riemannian symmetric spaces
In this section we shall extend the result of Corollary 3.9. A simply connected symmetric Riemannian manifold is, up to an isometry, determined by the Riemann curvature tensor or, equivalently, by its symmetric infinitesimal model. Putting T=0 in (2.1)-(2.7) we see that the set mg(V) of these models is the 4 subset of (x) V* determined by the conditions 
X,Y,Z
We say that a Riemannian manifold (M,g) has the same curvature tensor as that of a symmetric Riemannian space if its Levi Civita connection D has the same curvature tensor as that of the infinitesimal model corresponding to the symmetric space. This means that RE)(OM), where Rp is the map defined by (3.4) , is contained in the orbit of an element R of ms(V) under the action of the orthogonal group. In this case, a theorem of Singer [17] , p. 688 implies that there exists a principal subbundle P of OM with structure group H where H is the connected component of the identity of the subgroup of 0 (n) consisting of the elements leaving R invariant. This means that (M,^) has an Yl-structure.
Using Cartan's construction of a symmetric space from the curvature tensor (see for example [7] , p. 218-223 or our remarks in Section 2), we see that H is the connected component of the identity of the isotropy subgroup of the connected and simply connected symmetric space (M°,g°) which has R as its curvature tensor. The Lie algebra l)={Aeso(n)|A-R=0} of H contains the holonomy algebra K because K is generated by the operators Rxy and RXY' R=0. It is also easy to see that f is an ideal of I).
The vector space V may be decomposed as a direct sum of orthogonal subspaces which are invariant under the action of f. In general we have here m =dim Vo and t)^, a^ 1, is the isotropy algebra of the connected simply connected symmetric space (M^,^) with curvature tensor R^. This space is irreducible since t^=I|v, acts irreducibly on Vy It follows from this that t)o(=t)|Va coincides with the CURVATURE HOMOGENEOUS SPACES 547 holonomy algebra ^ of (M^, g^). So, if M^=GJH^ we have H=SO(m)xHiX . . . xH,. Now, we return to the manifold (M,g) which has the same curvature tensor as the symmetric space (M°,^0). We know already that (M,^) has an H-structure. More precisely, (M,g) has an almost product structure, that is the tangent bundle TM can be decomposed as a direct sum of r+1 orthogonal vector subbundles Eo,Ei, . . .,E^ with structure groups S0(m), H^, . . .,H^ respectively. This structure may be obtained as follows: Let P be the subbundle of OM with structure group H and let u=(q\ u^ . . ., u^ be an element of P. Put Hence, dim Eo(q) is the index of nullity of (M,g) at the point q. Since (M,^) is supposed to be curvature homogeneous, this index is constant.
Further we have Proof. -It suffices to note that (M,g) has the same curvature tensor as a symmetric Riemannian space.
Because a symmetric Einstein space is either flat or does not have a Euclidean factor (it has vanishing index of nullity). Corollary 3.9 follows also at once from Theorem 4.1.
In the proof of Theorem 4.1 we used some ideas also used in [18] by Z. I. Szabo, in particular in his proof of [18] , Theorem 1.3. Of course, it would be possible to deduce our theorem for Szabo's results instead of the direct approach we used here. The scheme of this alternative proof is as follows: Theorem 1. 3 of [18] gives an interesting decomposition of a Riemannian manifold by using the infinitesimal holonomy group. From this it follows that each curvature homogeneous semi-symmetric Riemannian manifold is locally isometric to the product of a locally Euclidean space M() and of r "infinitesimally irreducible" semi-symmetric spaces M^, M^, . . ., M^. The index of nullity of M is just the sum of the dimension of M() and the indexes of nullity of the 4° SERIE -TOME 22 -1989 In a forthcoming paper [12] we will come back to these problems and in particular to the relations of [18] with the examples treated in the next section.
A family of counterexamples
We consider R 3 equipped with the metrics g^ ^ where These metrics are complete and irreducible [15] . It is easy to see that
is a global orthonormal frame and the dual frame is given by 
